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Abstract 
InxGa1-xN structures epitaxially grown on a-plane or m-plane GaN exhibit in-plane optical polarization. 
Linear elasticity theory treats the two planes equivalently and is hence unable to explain the 
experimentally observed higher degree of linear polarization for m-plane than a-plane InxGa1-xN. 
Using density functional theory, we study the response of InxGa1-xN random alloys to finite biaxial 
strains on both non-polar planes. The calculated m-plane InxGa1-xN valence band splitting is larger 
than that of a-plane, due to a greater degree of structural relaxation in a-plane InxGa1-xN. We provide a 
parameterization of the valence band splitting of InxGa1-xN strained to a-plane and m-plane GaN for In 
compositions between 0 and 0.5, which agrees with experimental measurements and qualitatively 
explains the experimentally observed difference between a-plane and m-plane polarization. 
PACS number(s): 61.50.Ah, 71.70.Fk, 78.20.Bh, 85.60.Bt 
 
I. Introduction 
InxGa1-xN/GaN quantum well (QW) structures have seen wide application in light-emitting devices 
[1,2]. To achieve high efficiency, InxGa1-xN QWs are required to be lattice-matched to GaN on the 
growth plane, rendering InxGa1-xN under compressive biaxial strain. Thus, InxGa1-xN/GaN structures 
grown on different GaN surfaces are under different biaxial strain states. The QW structures are 
conventionally classified by their growth plane normal with respect to the wurtzite polar axis c <0001> 
into polar (growth plane normal parallel to c), non-polar (growth plane normal perpendicular to c), and 
semi-polar structures [2]. Non-polar QW structures are of particular interest as they are free of internal 
electric field along the growth direction [3]. Moreover, optical linear polarization has been 
demonstrated from the in-plane emission of non-polar QW structures, which are able to improve the 
energy efficiency of liquid-crystal displays [4].  
 
Linear polarization in non-polar a-plane {11-20} [5-7] and m-plane {1-100} [8-11] QW structures has 
been studied for over a decade. It is well established that the linear polarization of InxGa1-xN arises 
from the splitting of the top two valence bands. For a-plane InxGa1-xN/GaN structures, the splitting is 
between the InxGa1-xN valence bands of py and pz characters [7], responsible for polarized emission 
parallel to the m and c directions, Im and Ic, respectively. For m-plane InxGa1-xN/GaN structures, the 
splitting is between the InxGa1-xN valence bands of px and pz characters [9,11], where px is responsible 
for polarized emission parallel to the a direction, Ia. The degree of linear polarization (DLP) 
characterizes the respective contribution of the emission from two in-plane polarizations, defined as |Im 
– Ic|/(Im + Ic) for a-plane QW structures, and |Ia – Ic|/(Ia + Ic) for m-plane structures. It has been shown 
that m-plane QW structures consistently show higher DLP than a-plane QW structures at the same In 
content and operating temperature, although current theories provide no explanation for this [12,13].  
 
Current theories on linear polarization are primarily based on k∙p model Hamiltonians, which 
incorporate the influence of strain by additional deformation potential terms in the Hamiltonian that 
are linear in the applied strain [14]. The strains themselves are obtained from linear elasticity theory or 
directly extracted from atomistic models [15]. The input parameters, such as deformation potentials 
and effective masses, are derived from first principle calculations on GaN and InN, and then 
interpolated for InxGa1-xN [16,17]. Furthermore, when coupled with a Poisson solver, the theory is 
capable of simulating band profiles for the whole QW structure [15,18]. Modelling in this framework 
has predicted the valence band splitting for polar [16,17], non-polar [14,15,17], and semi-polar [12] 
structures. However, no difference between a-plane and m-plane QW structures has been currently 
identified in the literature, as the two cases are equivalent by symmetry within such a framework, and 
they are usually referred to together as non-polar structures. It is noteworthy that more recent studies 
began to account for nonlinearity in the k∙p parameters, and bowing parameters for the wurtzite AlN, 
GaN, and InN under c-plane strains have been suggested [17]. There is however no implementation of 
the bowing parameters for nitrides under non-polar strains or alloy systems such as InxGa1-xN. 
 
In this study, we go beyond linear elasticity to describe the response of a-plane and m-plane strained 
InxGa1-xN alloys, taking into account the broken hexagonal symmetry by a-plane and m-plane strains. 
We approach the problem using first principles density functional theory (DFT) calculations [19,20]. 
The advantage of this approach is that the atomic structures of the alloys are explicitly given and thus 
the correlation to their band structures can be directly derived. 
 
The article follows a few steps to explain and quantify the different valence band splitting of a-plane 
and m-plane strained InxGa1-xN alloys: In Sec. II.A, the atomic model of nitrides with broken 
hexagonal symmetry is established as well as the strategy to model random InxGa1-xN alloys. The DFT 
implementation is discussed in Sec. II.B, including our approaches to model the band structures of 
random alloys. After the methodological review, we address in Sec. III the a-plane and m-plane 
anisotropy using the model system InN strained to GaN. These insights allow us to establish the 
correlation between the structural changes and the valence band splitting of biaxially strained InN, and 
explain the different valence band splitting between the two strain states. Then, in Sec. IV, the 
different valence band splitting between InxGa1-xN alloys strained to a-plane and m-plane GaN was 
explained by the model developed in Sec. III. Moreover, the calculated valence band splitting is 
parameterized and compared with experimental measurements. Sec. V summarizes the key 
conclusions from this study. 
 
  
II. Methodology 
A. Atomic structures and special quasi-random structures 
Strains on the hexagonal a-plane or m-plane lower the wurtzite symmetry (space group P63mc) to that 
of the orthorhombic Cmc21 space group with an 8-atom unit cell, as shown in Fig. 1. Consequently, 
only the yz-plane, denoted as a0 in Fig. 1(a), remains a mirror plane out of the three hexagonal a-planes 
a0, a1, a2, and likewise, only the xz-plane m0 remains a glide plane out of three hexagonal m-planes. As 
shown in Fig. 1(b), before the application of strain, the In atoms are located at (0, 0, 0), (1/2, 1/2, 0), (0, 
1/3, 1/2), (1/2, 5/6, 1/2) in the orthorhombic unit cell, and the N atoms at (0, 0, u), (1/2, 1/2, u), (0, 1/3, 
1/2+u), (1/2, 5/6, 1/2+u), where u is the wurtzite internal parameter.  
 
 
FIG. 1. (Color online) (a) Top view of the InN 4-atom wurtzite unit cell (dotted lines) and 8-atom 
orthorhombic unit cell (dashed lines) with notations of symmetry planes, (b) atomic positions in the 8-
atom InN unit cell. Big purple and small dark spheres denote In and N atoms, respectively. 
 
To represent random InxGa1-xN alloys, supercells were designed following the special quasi-random 
structure (SQS) methodology [21]. In and Ga atoms are distributed on the group III atomic sites of a 
given supercell in a pattern that reproduces best the short-range order (SRO) of a random alloy. In this 
study, the Warren-Cowley SRO parameter [22] is used as the criterion to examine the deviation from 
randomness, which is defined by αr = 1 – Nr/(NMrx(1-x)), 
where x and 1-x are the atomic fraction of In 
and Ga, Mr is the coordination of a shell in neighbor distance r, N is the total number of atom sites in 
the supercell, and Nr is the total number of heterogeneous In-Ga bonds at distance r in the supercell. A 
random distribution of In and Ga corresponds to αr = 0 for all shell distances r. Positive αr indicates 
clustering (more In-In or Ga-Ga pairs than expected in a random alloy), and negative αr represents 
ordering of the atoms (more In-Ga pairs than expected in a random alloy). To approach a random alloy 
distribution, it is desirable to construct supercells with αr = 0 for each r. This is especially important 
for the smaller r values (corresponding to the first few coordination shells), as their pair interactions 
are usually correlated more strongly with physical properties [23,24].
 
 
The use of periodic boundary conditions introduces artificial clustering (αr = 1) on the r coordination 
shells that correspond to a boundary period. To limit such effects, sufficiently large supercells are 
required. In this study, 128-atom supercells were generated by 4×2×2 multiplication of the 8-atom 
orthorhombic unit cell, whose smallest boundary (along z) is 10.5 Å apart. For In content of 6.25%, 
12.5%, 18.75%, 25%, and 50%, In atoms were assigned to positions by optimizing the SRO 
parameters up to their 10
th
 coordination shells. As shown in Table I, correlations between pairs of 
atoms up to 8 Å apart are considered, extending previously generated SQS cells used in Ref. [23]. 
In8Ga56N64 cells can be constructed with 0 pair correlations up to 5 Å, whereas optimized In16Ga48N64 
and In32Ga32N64 cells have 0 pair correlations up to 7.5 Å and 8 Å, respectively.  
 
B. Band structure calculations 
The relaxed structures and band structures of InN and InxGa1-xN alloys were calculated within the DFT 
framework [19,20,25], as implemented in the Vienna Ab-initio Simulation Package (VASP) [26]. The 
exchange-correlation functional was approximated by the PBE (Perdew, Burke, and Ernzerhof) 
parameterization [27] for InxGa1-xN, or by the hybrid functional HSE developed by Heyd, Scuseria, 
and Ernzerhof [28] for InN calculations [29]. Projector augmented wave basis sets were employed in 
VASP calculations with a plane wave cutoff of 450 eV, with Ga 3d and In 4d electrons treated as core 
electrons in order to reduce the computational cost and to avoid an artificially strong coupling between 
these semicore d electrons and the valence states (p-d repulsion) [30], as could be alternatively 
achieved by DFT+U [31].  
 
A comparison between the structural relaxation and band gap calculated using PBE and HSE is 
summarized in Table II. Band gaps calculated using the PBE functional are known to be 
underestimated, even leading to a vanishing band gap for InN. Band gaps from HSE functional 
calculations are much closer to the experimental values [29], and can be even tuned to match them 
[17]. As our main focus is on the px, py, and pz band eigenenergies at the valence band edge at the Γ 
point, the s-type conduction band position only has a big impact if it falls in the energy range of the p-
type valence bands [16]. Therefore, for the 8-atom InN calculations in Sec. III, structural relaxation 
and band structure calculations used the HSE functional to avoid the s-type band falling below the p-
type bands. For InxGa1-xN up to x = 0.5, however, calculated s-type bands using the PBE functional are 
well above the p-type bands, so that PBE calculations have been found sufficient to describe the px, py, 
pz bands. As a typical HSE calculation takes about 100 times more computational time than its 
corresponding PBE calculation, the above considerations allowed us to compute the 128-atom InxGa1-
xN supercells in Sec. IV using the PBE functional. Spin-orbit coupling is not considered in the 
calculations [17], as the spin-orbit splitting in nitrides is small [16] and only has a noticeable 
contribution when two p bands are close in eigenenergies [14]. As a-plane and m-plane strains remove 
the degeneracy between px and py bands, the valence band splitting, ΔVB = py – pz under a-plane strain, 
or ΔVB = px – pz under m-plane strain, is not affected much by spin-orbit splitting.  
 
 
FIG. 2. (Color online) Contour plots of the partial charge density of the top two valence bands at the Γ 
point (corresponding to N py and pz) of a-plane strained In32Ga32N64. In, Ga, and N atoms are purple, 
green, and black, respectively. 
 
It is important to examine how well the band structures from 128-atom SQS calculations reflect the 
electronic structure of random alloys. Although the concept of band structure, strictly speaking, fails 
for random alloys due to their lack of translational symmetry, an effective band structure can be 
evaluated, where each band has a finite width rather than being discrete along the energy scale [32]. 
Individual SQS calculations result in discrete bands. Fig. 2 illustrates the calculated partial charge 
density of the top two valence bands of an In32Ga32N64 SQS strained to a-plane GaN. The top band and 
the second band from the top are recognized as N-py and N-pz bands, respectively. The difference in 
their energies at the Γ point then defines ΔVB for that particular SQS. 
 
When a number of SQS calculations at each composition are considered, there is a spread of discrete 
band energies which ultimately converge to a band width. Studying zinc-blende InxGa1-xN, Popescu 
and Zunger concluded that such weakly perturbed alloy systems preserve the band structure, and 
InxGa1-xN has a small width at the valence band edge, especially around the Γ point [32]. In Sec. IV, 
the discussed band structures of wurtzite InxGa1-xN at 6.25%, 12.5%, 18.75%, 25% In compositions 
are each based on 4 to 6 calculations of optimized 128-atom SQS supercells with different atomic 
arrangements. Although the limited numbers of SQS structures may not lead to well converged band 
width, the standard deviation of ΔVB calculated from different SQS cells serves as a reasonable 
estimate. For example, at 25% In composition without strains, ΔVB calculated from 5 of 128-atom 
SQS is 30±7 meV, showing a narrow width (7 meV). It is worth noting that sufficiently large 
supercells are necessary for the SQS representation of random alloys. To test the size effect on ΔVB, 
smaller SQS cells with 64 and 32 atoms (2×2×2 and 2×1×2 multiplication of the 8-atom unit cell) at 
25% In composition (In8Ga24N32 and In4Ga12N16) were optimized. ΔVB calculated from the optimized 
64-atom SQS, 29 meV, falls in the range of values from 128-atom SQS calculations. In contrast, ΔVB 
from the optimized 32-atom SQS, 69 meV, is much larger than the 128-atom values. This can be 
understood by their SRO parameters shown in Table I, as In8Ga24N32 can be constructed with 0 pair 
correlations up to 6 Å, whereas In4Ga12N16 has non-zero correlations already for the second nearest 
neighbor. 
  
III. InN strained to a-plane and m-plane GaN 
To understand the effect of in-plane strains on InxGa1-xN alloys, InN is first discussed as a model 
system, since it is free from the complications caused by the distribution of In and Ga atoms. 
According to Table II, to match InN on GaN along a, m, and c, compressive strains of εa = εm = 0.105 
and εc = 0.094 have to be applied, respectively. We modelled InN under compressive a-plane and m-
plane strains in five steps up to an epitaxial match to GaN, by fixing the in-plane lattice parameters m 
and c with fixed mismatch ratio εm/εc = 1.1 for a-plane strain, or fixing the in-plane lattice parameters a 
and c with fixed εa/εc = 1.1 for m-plane strain, and relaxing the out-of-plane lattice and internal 
parameters until the energy is converged to within 1 meV/atom. The calculated strain energies and 
lattice parameters of InN under the specified degrees of a-plane and m-plane strain are summarized in 
Table III.  
 
 
FIG. 3. (Color online) (a) Biaxial Poisson ratio and (b) biaxial modulus as a function of compressive 
a-plane or m-plane biaxial strain imposed on InN. 
 
Two elastic properties, the biaxial Poisson ratio and the biaxial modulus [33], can be computed from 
the parameters in Table III. Here, we simplify the expression of the Poisson ratio by taking the ratio 
between the out-of-plane strain and one in-plane strain εc, that is, |εa/εc| for a-plane strain and |εm/εc| for 
m-plane, while the strain of the other in-plane dimension, εm or εa, equals to 1.1∙εc. In linear elasticity, 
the Poisson ratio is related to the elastic tensor Cij, a materials constant defined at infinitesimal strain εc 
→ 0. To derive the biaxial Poisson ratio in linear elasticity, the stress σa, σm, and σc are expressed by 
Hooke’s law (note that there is no shear strain in this coordinate): 
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Likewise, for m-plane strain, 
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Under the hexagonal symmetry, C11 = C22, C13 = C23, and hence the Poisson ratios |εa/εc| and |εm/εc| 
have the same value according to linear elasticity. Using C11 = 223 GPa, C12 = 115 GPa, and C13 = 92 
GPa [34], their Poisson ratios are 0.98. If linear elasticity applies to finite strains, the Poisson ratio 
would be a constant 0.98. However, as shown in Fig. 3(a), the Poisson ratios at finite strains have 
larger values, indicating the breakdown of linear elasticity at these strains. The a-plane Poisson ratio 
remains close to the m-plane ratio at small strains, but becomes increasingly larger than the m-plane 
ratio at large strains. This is a consequence of the breakdown of the hexagonal symmetry at finite 
strains, rendering C11 ≠ C22 and C13 ≠ C23, which is again not considered in linear elasticity.  
 
Another example of the breakdown of linear elasticity and the hexagonal symmetry is the effective 
modulus for biaxial strains, E/εc
2
, where the strain energy density E is listed in Table III, as evaluated 
by the difference between the calculated total energies with and without strains per unit volume. For 
linear elasticity, the strain energy density is expressed as, 
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For a-plane strain, 
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so that the a-plane modulus 
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Likewise, for m-plane strain, 
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so that the m-plane modulus  
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Using C11 = C22 = 223 GPa, C12 = 115 GPa, C13 = C23 =  92 GPa, and C33 = 224 GPa [34], the a-plane 
and m-plane moduli converge to the same value, 482 GPa, at infinitesimal strain. It is shown in Fig. 
3(b) that both the a-plane and m-plane effective moduli decrease with increasing strain, that is, the 
materials are becoming softer (easier to deform elastically). Moreover, a-plane strained InN becomes 
softer than their m-plane counterpart with increasing strain, as a consequence of the breakdown of 
hexagonal symmetry at finite strains. 
 
 
FIG. 4. (Color online) InN unit cell strained to a-plane GaN viewed on (a) a-plane and (b) m-plane. 
Big purple and small dark spheres denote In and N atoms, respectively. The internal lattice parameters 
u, v, and vN are labelled in Fig. 4(a). In and N atoms are v/2 and v/2+vN apart from the glide planes m0 
(Fig. 4(a)), and both atoms are on the mirror planes a0 (Fig. 4(b)).  
 
So far, the failure of linear elasticity is demonstrated along with the consequent anisotropy between a-
plane and m-plane strains. The atomistic origin of the anisotropy lies in the structure: As shown in Fig. 
4, the relaxed orthorhombic unit cell has In atoms at (0, 0, 0), (1/2, 1/2, 0), (0, v, 1/2), (1/2, 1/2+v, 1/2), 
and N atoms at (0, -vN, u), (1/2, 1/2-vN, u), (0, v+vN, 1/2+u), (1/2, 1/2+v+vN, 1/2+u). Comparing with 
the motifs of unstrained InN (Fig. 1(b)), the coordinates along x and z are identical, and two internal 
parameters v and vN are introduced to account for internal displacements along y. As the hexagonal 
symmetry is lowered to orthorhombic, symmetry elements with mixed xz and yz character are lost, 
including the mirror planes a1, a2 and the glide planes m1, m2 shown in Fig.1. The mirror plane a0 (yz 
plane) and the glide plane m0 (xz plane) remain as symmetry elements, but the m0 planes shift from y = 
1/6 (and y = 2/3) to y = v/2 (and y = 1/2+v/2), as shown in Fig. 4(a). The internal parameter v 
corresponds to the distance between two In atoms along y, with each of them v/2 apart from the glide 
plane m0. As the hexagonal symmetry is broken by a-plane or m-plane strain, the internal parameter 
deviates from v = 1/3. Similarly, each N atom is v/2+vN apart from the glide plane m0, where vN 
deviates from 0 once a-plane or m-plane strain is applied. Although internal relaxation is possible 
along y, no internal relaxation is allowed along x regardless of a-plane or m-plane strains, because all 
In and N atoms stay on the mirror plane a0, as shown in Fig. 4(b).  
 
The possibility of internal relaxation along y but not x results in the different responses of wurtzite 
nitrides to a-plane and m-plane strains. There are two ways to relax InN under in-plane strains: the 
Poisson relaxation along the out-of-plane axis and changes to the internal parameters u, v, vN that 
rearrange the atoms within the lattice along z or y. For a-plane strained InN, relaxation along x is 
realized by Poisson relaxation, that is, by changing the a lattice parameter, and along y and z by 
internal relaxations. For strains on m-plane, however, changing the lattice parameter m and internal 
parameters only causes relaxation along y and z, and no relaxation mechanism is operative along x. 
Having one less degree of freedom (along x) to relax, m-plane strained InN consequently has a larger 
strain energy or effective modulus than a-plane strained InN, as observed in Fig. 3(b). 
 
 
FIG. 5. (Color online) (a) Reduction in In-N bond lengths projected along x, y, z directions (ΔL in 
negative values) and changes in the InN top two valence band energies at Γ (Δp) as induced by 
compressive a-plane and m-plane strains (bottom axis). Note that the graphs show ΔL and Δp values 
divided by εc. The curves are constant if ΔL and Δp are linear with strain.  
 
The presence of internal relaxation along x under a-plane strain but not under m-plane strain also 
yields different In-N bonding environments under those biaxial strains. Considering the In-N bonds of 
bond lengths Lb (the subscript b denotes each bond from In to its tetrahedral-coordinated N) and angles 
αi,b towards direction i (denotes x, y, or z), the projected bond length along direction i averaged over a 
total number of Nbond bonds is defined as Li in Eq. 11. 
2 2
,cos /i b i b bondbL L N   (11) 
The average projected bond lengths along x, y, and z, Lx, Ly, and Lz, respectively, are listed in Table III. 
In the absence of internal relaxation, the difference between the in-plane projected lengths prior to and 
after biaxial straining, ΔL, should decrease linearly with compressive strain. To highlight their 
deviation from linearity with strain, the ratio of ΔL to εc is plotted in Fig. 5. It is shown that Lx 
becomes shorter at a constant rate with strains on m-plane InN, because there is no internal relaxation 
along x to reconcile. On the other hand, other projected bond lengths along in-plane directions, i.e., Lz 
for m-plane strained InN and Ly, Lz for a-plane strained InN, become shorter at a decreasing rate with 
strains, as internal relaxations along y and z are operative. While ΔLx/εc at infinitesimal m-plane strain 
is equal to ΔLy/εc at infinitesimal a-plane strain due to the hexagonal symmetry, ΔLx/εc at finite m-
plane strain becomes higher in absolute value than ΔLy/εc at finite a-plane strain due to their lack of 
hexagonal symmetry and different internal relaxation behaviors. 
 
The projected In-N bond lengths Lx, Ly, and Lz relate to the band positions of px, py, and pz, respectively. 
In a qualitative tight-binding picture, the σ-type p-p orbital interaction along direction i (denotes x, y, z) 
at the Γ point scales with cos2αi [29], which scales with Li
2
 (Eq. 11). A stronger orbital interaction 
lowers the eigen-energy of the bonding state. For example, the compressive in-plane strains reduces 
the in-plane projected bond lengths and increases the out-of-plane projected bond lengths, resulting in 
a strongest orbital interaction along the out-of-plane direction, which makes the out-of-plane p band 
the lowest among the three. Therefore, px and py become the lowest p band under compressive a-plane 
and m-plane strains, respectively. This is evident from Table III, where Δpx, Δpy, and Δpz are the 
differences from DFT calculations between the eigen-energies of the strained structure and those of 
the unstrained structure (both referenced to the average electrostatic potential).  
 The energy position difference in the two in-plane bands is more subtle. To highlight their deviation 
from linearity with strain, the ratio of the energy difference to εc is plotted in Fig. 5(b). The px band 
shifts at the highest rate with m-plane strain (topmost curve in Fig. 5(b)), correlating to the reduction 
in Lx at the highest rate with m-plane strain (bottommost curve in Fig. 5(a)). This is in agreement with 
the tight-binding picture that the fast reduction in Lx reduces the px orbital interaction and makes the px 
band energy highest. On the other hand, the increases in the pz band energy with m-plane strain, and of 
both py and pz with a-plane strain, are at lower rates, correlating to the slower reduction in their 
corresponding projected bond lengths. Consequently, the px – pz splitting with m-plane strain increases 
at a higher rate than the py – pz splitting with a-plane strain, and hence the m-plane ΔVB becomes 
increasingly larger than the a-plane ΔVB with increasing strain.  
 
IV. InxGa1-xN alloys strained to a-plane and m-plane GaN 
Having explained the different ΔVB of InN compressively strained to a-plane and m-plane GaN, we 
now move to the ΔVB of InxGa1-xN alloys strained to a-plane and m-plane GaN. It is worth noting that 
the random arrangement of In and Ga breaks the symmetry, including the mirror plane a0 and the glide 
plane m0. As a result, the internal relaxations would require many more than three parameters and 
those along x are no longer prohibited. Nevertheless, we find the averaged projected bond lengths Lx, 
Ly, and Lz to remain good indicators of how in-plane strains distort the local bonding environment.  
 
In contents of 6.25%, 12.5%, 18.75%, 25%, and 50% are considered in the following discussion. 
Similar to the comparisons between InN under different biaxial compressive strains in Sec. III, for 
each InxGa1-xN composition, the projected bond lengths and the p band positions (relative to the 
average electrostatic potential) are compared between their unstrained states and those fully strained to 
a-plane and m-plane GaN, as shown in Table IV. The biaxial strain states studied here for fully 
strained InxGa1-xN roughly correspond to those studied for partially strained InN (Table III and Fig. 5). 
As in Fig. 5, the ratio of the projected bond length difference (prior to and after straining) to εc and the 
ratio of the p band position difference to εc are plotted in Fig. 6, to highlight the deviation from 
linearity with strain. 
 
 
FIG. 6. (Color online) (a) Reduction in In-N bond lengths projected along the x, y, z directions (ΔL in 
negative values) and (b) changes in the InxGa1-xN top two valence band energies at Γ (Δp) for InxGa1-
xN strained to a-plane and m-plane GaN as a function of In composition (top axis). The strain axis 
(bottom) is shown for comparison with Fig. 5. Note that the graphs show ΔL and Δp values divided by 
εc. The curves are constant if ΔL and Δp are linear with strain.  
 
As shown in Fig. 6(a), the effect of a-plane and m-plane strain on the projected In-N bond lengths in 
InxGa1-xN is similar to its effect in InN shown in Fig. 5(a). The graphs resemble each other both in 
their trends and magnitudes. It is apparent that the difference between InxGa1-xN strained to a-plane 
and m-plane GaN comes from the faster reduction of Lx with m-plane strain than Ly with a-plane strain. 
Furthermore, as shown in Fig. 6(b), the same correlation between the projected bond lengths and their 
corresponding valence band position is observed for strained InxGa1-xN alloys. Again, the figure 
resembles its InN counterpart in Fig. 5(b) both in trends and magnitudes. This suggests our conclusion 
for InN is applicable to InxGa1-xN alloys. InxGa1-xN has a smaller ΔVB when strained to a-plane GaN 
than to m-plane because under a-plane strain, In-N bond lengths along y become shorter at a lower rate 
with compressive strain, resulting in slower increase in the energy splitting py – pz with a-plane strain. 
Under m-plane strain, In-N bond lengths along x become shorter at a higher rate with compressive 
strain, leading to faster increase in the energy splitting px – pz with m-plane strain. 
 
With this understanding of the difference between a-plane and m-plane strained InxGa1-xN, it is worth 
exploring to what extent DFT band structure calculations are able to predict ΔVB of InxGa1-xN alloys. 
The evolution of ΔVB with In composition has two contributions: one from the changing 
compositions of In and Ga in the system, i.e., the strain-free component ΔVB0; and the other from the 
increasing epitaxial a-plane or m-plane biaxial strain with increasing x, that is, the strain component 
ΔVBa or ΔVBm. The discussion so far focused on the strain component which is solely responsible for 
the ΔVB difference between a-plane and m-plane InxGa1-xN. 
 
 
FIG. 7. (Color online) InxGa1-xN valence band splitting as a function of In composition x: (a) the 
strain-free component ΔVB0 from our DFT calculations (circles with error bars) and the k∙p model [15] 
(dashed line), and (b) the strain components ΔVBa and ΔVBm from our DFT calculations (circles with 
error bars) and their second order analytical representations (dotted and solid lines). 
 
To evaluate the strain-free component ΔVB0, 4 to 6 different 128-atom SQS supercells have been 
considered for In compositions of 6.25%, 12.5%, 18.75%, and 25%. As shown in Fig. 7(a), the 
calculated ΔVB0 has a standard deviation of up to 10 meV, due to the valence band width of the 
corresponding random alloy in the effective band structure [32]. Although the band width introduces a 
10 meV uncertainty to ΔVB0, the calculated values lie very close to the linear interpolation between 
GaN and InN values as suggested by Huang and Wu in their k∙p model [15], which is widely used by 
the nitride community. Here, we confirm the Huang-Wu parameterization ΔVB0 = (22+19x) meV to 
describe InxGa1-xN px (or py) – pz splitting when strain is not present, and suggest it as the strain-free 
component.  
 
As shown in Fig. 7(b), the strain components ΔVBa and ΔVBm have a smaller scatter between different 
SQS (standard deviation < 4 meV) than ΔVB0 (< 10 meV). This allows us to determine ΔVBa and 
ΔVBm from our DFT calculations with higher accuracy than ΔVB0. In order to include this important 
effect in k∙p calculations, an analytical representation is highly advantageous. As shown in Fig. 7(b), a 
second order polynomial can reproduce our DFT data. For both the linear and quadratic fitting terms, 
ΔVBm is several times larger than ΔVBa.  
 
By summing the strain-free and strain components, we obtain the following ΔVB parameterization. 
For InxGa1-xN epitaxially strained to a-plane GaN: ΔVB = (22+31x+72x
2
) meV, and to m-plane GaN: 
ΔVB = (22+100x+341x2) meV. The interpolated equations can be applied for In compositions between 
0 and 0.5. The fact that the m-plane ΔVB is higher than the a-plane ΔVB at any In composition agrees 
well with the observation of higher linear polarization from m-plane InxGa1-xN [12,13].  
 
 
FIG. 8. (Color online) Parameterized equations for ΔVB of a-plane (dotted line) and m-plane (solid 
line) InxGa1-xN from this work and in comparison with k∙p theory (Yan [17], dashed line) as well as 
ΔVB measurements using polarized PL excitation (Kundys PLE [7], plus signs) for a-plane InxGa1-xN, 
polarized EL (Masui EL [9], open circles) and polarized PL (Kubota PL [10], cross signs, Brinkeley 
PL [11], open squares) for m-plane InxGa1-xN. 
 
Fig. 8 shows a comparison of our parameterized ΔVB with theoretical and experimental values from 
the literature. Without explicit consideration of nonlinear elasticity and its related anisotropy, ΔVB 
calculated by Yan et al. [17] lies in the middle of our a-plane and m-plane curves. Our parameterized 
ΔVB, based on calculations of bulk InxGa1-xN alloys, can still be directly compared with experimental 
ΔVB measured from InxGa1-xN QWs [7,9-11] as quantum confinement has little impact on ΔVB [35]. 
Our m-plane curve is in very good agreement with the experimental ΔVB on m-plane InxGa1-xN 
reported by Masui et al. [9] and Brinkeley et al. [11], measured by polarized electroluminescence (EL) 
and polarized photoluminescence (PL) respectively. Kubota et al. have derived much higher ΔVB 
from their temperature-dependent polarized PL measurements [10], although it has been argued that 
using alternative quasi-Fermi levels in their model would lead to smaller ΔVB [4,9]. There is a notable 
lack of a-plane ΔVB measurements, as it is deemed difficult to measure at higher In compositions [7]. 
The polarized PL excitation measurement on a-plane InxGa1-xN QW at 6% In content shows a smaller 
ΔVB than m-plane values [7]. 
 
V. Conclusion 
DFT calculations reveal the evolution of crystal and band structure of InN and InxGa1-xN alloys with 
compressive biaxial a-plane and m-plane strains caused by their epitaxial matching on GaN. At typical 
strains, linear elasticity is no longer applicable. Our analysis shows that a-plane strained structures 
deviate more from linearity than m-plane strained structures due to the higher degree of structural 
relaxation: In-N bonds are free to relax along all three dimensions under a-plane strain, and the 
valence band splitting between py and pz increases mildly with strain. Under m-plane strain, however, 
In-N bonds are limited to relax along the a-plane normal direction (x), resulting in a sharp decrease in 
the bond length projected along x with m-plane strain, rapidly pushing up the px band edge with 
respect to pz, and hence causing a rapid increase in the valence band splitting with strain. We further 
show that besides capturing the nonlinear and anisotropic effects with strain, DFT calculations on 128-
atom InxGa1-xN SQS cells are able to predict the valence band splitting of InxGa1-xN random alloys and 
compare favorably with the experimental measurements. Based on these results we derive an 
analytical representation for the a-plane valence band splitting, (22+31x+72x
2
) meV, and for the m-
plane, (22+100x+341x
2
) meV, where x is the InxGa1-xN composition between 0 and 0.5. The here 
identified larger m-plane valence band splitting can successfully explain the higher degree of linear 
polarization observed in m-plane strained than in a-plane strained InxGa1-xN QW structures. 
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TABLE I. The Warren-Cowley SRO parameters (values in %) up to the 10
th
 neighboring shell for the SQS cells considered in this work 
Coordination shell # 1 2 3 4 5 6 7 8 9 10 
Interatomic distance 3.18 3.19 4.50 5.19 5.52 6.09 6.38 7.13 7.58 7.81 
In4Ga60N64 2.2 2.2 2.2 -6.7 -0.7 2.2 -6.7 -6.7 -6.7 -6.7 
In8Ga56N64 0 0 0 -14 0 0 -4.8 -9.5 -2.9 0 
In12Ga52N64 -2.5 -2.5 -2.5 -2.5 -2.5 -2.5 4.3 -2.5 -2.5 -2.5 
In16Ga48N64 0 0 0 0 0 0 0 0 -6.7 0 
In32Ga32N64 0 0 0 0 0 0 0 0 0 0 
In8Ga24N32  0 0 0 0 0 0 11 -11 -20 33 
In4Ga12N16  0 -11.1 0 -33.3 3.7 -11.1 5.6 0 -6.7 0 
TABLE II. PBE and HSE lattice parameters and band gaps at the Γ point: numbers in parentheses are HSE values calculated on PBE relaxed lattices. The 
negative PBE band gap of InN denotes the s-type conduction band minimum falling below the p-type valence band maximum. 
 GaN PBE GaN HSE InN PBE InN HSE 
a (Å) 3.244 3.214 3.617 3.590 
c (Å) 5.276 5.210 5.830 5.750 
u 0.377 0.378 0.379 0.381 
band gap (eV) 1.65 3.11 (2.86) -0.39 0.63 (0.50) 
 
TABLE III. Strain energy, lattice parameters, projected bond lengths, and positions of top three valence bands (relative to the unstrained structure) of InN under 
various degrees of a-plane and m-plane compressive strains 
 InN w/o 
strain 
a-plane strain (εc in %, εm/εc = 1.1) m-plane strain (εc in %, εa/εc = 1.1) 
0.59 1.2 2.3 4.7 9.4 0.59 1.2 2.3 4.7 9.4 
E (meV/Å
3
) 0 0.075 0.257 0.935 3.432 11.181 0.073 0.259 0.972 3.837 15.504 
a (Å) 3.590 3.612 3.636 3.685 3.787 4.030 3.570 3.543 3.496 3.402 3.214 
m (Å) 6.218 6.177 6.137 6.055 5.892 5.567 6.256 6.295 6.370 6.528 6.859 
c (Å) 5.750 5.716 5.682 5.615 5.480 5.210 5.716 5.682 5.615 5.480 5.210 
u 0.381 0.382 0.384 0.387 0.395 0.418 0.382 0.384 0.387 0.394 0.414 
v 0.333 0.334 0.336 0.338 0.344 0.364 0.332 0.331 0.329 0.323 0.310 
vN 0 0.001 0.002 0.004 0.008 0.016 -0.001 -0.002 -0.003 -0.004 -0.005 
Lx (Å) 2.539 2.554 2.571 2.606 2.678 2.850 2.522 2.505 2.472 2.406 2.273 
Ly (Å) 2.539 2.522 2.506 2.474 2.414 2.320 2.554 2.570 2.602 2.670 2.820 
Lz (Å) 2.491 2.477 2.463 2.435 2.383 2.299 2.477 2.463 2.435 2.382 2.293 
Δpx (eV) 0 0.026 0.049 0.096 0.198 0.335 0.079 0.161 0.336 0.712 1.595 
Δpy (eV) 0 0.078 0.152 0.303 0.588 1.022 0.026 0.050 0.103 0.193 0.335 
Δpz (eV) 0 0.069 0.135 0.266 0.521 0.899 0.069 0.138 0.282 0.560 1.064 
 TABLE IV. Lattice parameters, projected bond lengths, and positions of top three valence bands (relative to the respective unstrained supercell) of InxGa1-xN 
without strains and InxGa1-xN epitaxially strained to a-plane and m-plane GaN 
 InxGa1-xN w/o strain a-plane strained InxGa1-xN m-plane strained InxGa1-xN 
x (%) 6.25 12.5 18.75 25 50 6.25 12.5 18.75 25 50 6.25 12.5 18.75 25 50 
εc (%) 0 0 0 0 0 0.63 1.3 1.9 2.5 4.9 0.63 1.3 1.9 2.5 4.9 
a (Å) 3.267 3.290 3.313 3.336 3.430 3.289 3.331 3.375 3.420 3.615 3.244 
m (Å) 5.659 5.698 5.737 5.778 5.934 5.618 5.693 5.768 5.838 5.915 6.220 
c (Å) 2.655 2.672 2.689 2.705 2.773 2.638 2.638 
Lx (Å) 2.468 2.501 2.506 2.509 2.535 2.488 2.537 2.558 2.579 2.680 2.450 2.466 2.454 2.439 2.394 
Ly (Å) 2.529 2.505 2.512 2.519 2.530 2.511 2.471 2.463 2.454 2.408 2.547 2.541 2.563 2.589 2.667 
Lz (Å) 2.476 2.485 2.492 2.491 2.510 2.460 2.453 2.445 2.428 2.394 2.460 2.454 2.444 2.430 2.395 
Δpx (eV) 0 0 0 0 0 0.007 0.028 0.054 0.083 0.282 0.090 0.178 0.280 0.375 0.770 
Δpy (eV) 0 0 0 0 0 0.083 0.172 0.252 0.335 0.610 0.014 0.032 0.058 0.088 0.537 
Δpz (eV) 0 0 0 0 0 0.079 0.165 0.245 0.326 0.586 0.084 0.167 0.256 0.331 0.645 
 
